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Abstract 
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Introduction 


Last time the higher spin held theory is becoming one the the central directions in modern 
theoretical and mathematical physics (see e.g. the reviews [IHE]). In this paper we are going 
to study some aspects of the higher spin held theory related to constructing the massive 
supersymmetric higher spin models in three space-time dimensions^ 

In higher spin held theories, in spite of their infinite dimensional gauge algebras, the 
supersymmetry still plays a distinguished role in many aspects. It is enough to remind 
that, for example, in the superstring theory all these massive higher spin states are perfectly 
combined into the massive supermultiplets and it is the supersymmetry that stays behind 
many nice feature of these theories. 

In general, the classification of massless and massive supermultiplets is a rather straight¬ 
forward algebraic task depending mainly on the space-time dimension and on the specihc 
properties of the fermions in this space-time. But as far as explicit construction (in terms 
of helds and Lagrangians) is concerned, the situation with massless and massive higher spin 
supermultiplets drastically differ. For the massless supermultiplets it is not hard to find such 
realization following to the simple general pattern: 


SB ~ F C, SF ~ dB(. 


This is an essential reason why the supersymmetric massless higher spin theory is developed 
good enough (see [HTIfid] for massless higher spin models in four dimensions). 

But the analogous construction for the massive supermultiplets appears to be very com¬ 
plicated even if one uses a powerful superfield technique (see e.g. [T6H2T] for some examples 
of higher superspin superfields in four dimensional theory and [221 [24] in three dimensional 
ones). The reason is that shifting from massless to the massive case one has to introduce 
very complicated higher derivative corrections to the supertransformations. Moreover the 
higher the spins of the helds entering supermultiplet the higher the number of derivatives 
one has to consider. 

In four dimensions the solution for this problem was proposed [25H2T] in component 
approach^ based on the gauge invariant formalism for the massive higher spin bosonic [28] 
and fermionic [29] helds. Recall that to obtain gauge invariant description for massive bosonic 
(fermionic) held with spin s, one introduces a set of massless helds with spins s, s — 1,..., 0(|) 
with their usual kinetic terms and local gauge transformations. Then one adds all possible 
low derivative terms into the Lagrangian mixing all these massless helds together as well 
as non-derivative corrections to the gauge transformations to restore the gauge symmetries 
broken by the mass terms. Now if one takes some massive supermultiplet and decomposes 
each massive held into the appropriate set of massless ones, one immediately sees that all 
these massless helds are perfectly combined into the set of massless supermultiplets. Thus 

1 Strictly speaking, the notion of spin does not exist in three dimensions in literal sense. For the massless 
fields the only characteristic is statistics (i.e. boson or fermion, see e.g. 0), while massive fields are charac¬ 
terized by their helicities in the same way as massless ones in four dimensions. But the term spin is widely 
used in the literature on three dimensional theories and so we will also use it here. 

2 The Lagrangian formulation given in these papers is on-shell and does not include the auxiliary fields 
which are needed for closing the superalgebra. Off-shell supersymmetric formulation for these models is still 
unknown. 
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the main idea of [2ol [27] was to generalize the gauge invariant description of massive particles 
to the case of massive supermultiplets. Namely, one introduces appropriate set of massless 
supermultiplets with all their fields, kinetic terms and initial supertransformations and than 
adds lower derivative terms to the Lagrangian as well non-derivative corrections to the 
supertransformations for the fermions only. It is the absence of any higher derivative 
terms that makes such construction to be pretty straightforward in spite of the large number 
of fields involved. At the same time if one tries to fix all these local symmetries then all these 
complicated higher derivatives corrections reappeared just as the transformations restoring 
the gauge. 

In this paper we give an explicit construction for the massive supermultiplets with ar¬ 
bitrary spins in three dimensions for the case of minimal supersymmetry. Naturally, this 
construction is based on the gauge invariant description for the massive d = 3 bosonic [30] 
and fermionic [31] higher spin fields developed in our previous work^l Recall that in d — 4 
it was crucial for the whole construction that there exists the possibility to consider a kind 
of dual mixing for the massless supermultiplets: 



where A s and B s are two bosonic fields with equal spins but opposite parities. Similarly, in 
d = 3 case we found that it is crucial that there exist the possibility to consider massless 
supermultiplets containing one bosonic and two fermionic fields: 



Recall that in three dimensions massless higher spin bosonic and fermionic fields do not have 
any physical degrees of freedom. Thus such a structure of the supermultiplct does not con¬ 
tradict to the fact that in any supermultiplet the numbers of bosonic and fermionic physical 
degrees of freedom must be equal. Note here that massive higher spin supermultiplets do 
have physical degrees of freedom that originate form the massless supermultiplets containing 
spins 1, 1/2 and 0 (that inevitably appear in the decomposition of massive supermultiplet 
into the massless ones) exactly in the same way as in the gauge invariant description of 
massive higher spin fields physical degrees of freedom come from the components with spins 
1, 1/2 and 0. 

The paper is organized as follows. In Sections 1 and 2 we provide all necessary formulas 
for massless high spin bosonic and fermionic fields and massless higher spin supermultiplets 
in the frame-like multispinor formalism we use in this work (see below). Section 3 con¬ 
tains two relatively simple examples, namely massive supermultiplets (§, 1, |) and (2, |, |)Q, 
illustrating our general technique. Sections 4 and 5 contains our main results: massive su¬ 
permultiplets (s + |,s,s — |) and (s,s — |,s — ^), correspondingly. To make our paper 

3 Non gauge invariant formalism has been developed in [32]. 

4 Such supermultiplet has been constructed previously by dimensional reduction from d = 4 [33]. 
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self-contained as much as possible, we include three Appendices giving gauge invariant de¬ 
scription of massive higher spin bosons, fermions with Majorana mass terms and fermions 
with Dirac mass terms, adopted to the formalism used in this work. 

Notations and conventions We will work in the frame-like multispinor formalism where 
all objects are one-forms or zero-forms completely symmetric on their local spinor indices. 
Spinor indices a, /?,••• = 1,2 are raised and lowered with the help of antisymmetric by-spinor 

£ ap. 

= -8 a p ,. £ q % = A a , e a ^ = -A a . 

To simplify formulas we will often use a shorthand notations for spinor indices: 

^aia2...a„ _ ^a^n) 


We will also assume that spinor indices denoted by the same letter and placed on the same 
level are symmetrized: 

^/«(»)^ — |(ai...o n ^a„+i) 

where symmetrization contains the minimum number of terms necessary without any nor¬ 
malization. Basis elements of 1,2,3-form spaces are respectively e a ( 2 \ E 2 A 2 \ E :i where the 
last two are defined as double and triple wedge product of e"^ 2 d 

e aa A = e af3 E 2 af3 , 

E 2 aa A g/3/3 = £ *P £ <*P 

Let us write some useful relations for these basis elements 

E 2 a 1 A e 7/3 = 3 e afi E 3 , e a 1 A e 7/3 = 4 E 2 af) . 

In what follows we will systematically omit the A symbol. 

1 Massless fields 

In this section we give all necessary formulas for massless bosonic and fermionic higher spin 
fields in the flat three-dimensional space-time. 

Boson with spin s — l + 1, l > 1 requires two one-forms and fA 21 ) completely 

symmetric on their local spinor indices. The free Lagrangian (which is a three-form in our 
formalism) looks like: 

(— 1)' +1 £ 0 = )/ , e * y fi a(2, - 1)7 + fi a ( 2 I ) d * a(20 , ( 1 ) 

where d is an external derivative. This Lagrangian is invariant under the following local 
gauge transformations: 

<5 0 D“ (20 = dr] a{2l \ <5 0 $ a(2 ° = dC (2l) + e a ^ a(2l ~ 1) ^ (2) 

where rjA 21 ') and are zero forms also completely symmetric in their indices. 

Boson with spin 1 requires zero-form B a>3 and one-form A. The free Lagrangian and gauge 
transformations are: 

£ 0 = E 3 E> al3 E> a p - B afi e afi dA, 5 0 A = d£. (3) 
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( 4 ) 


Equation for the auxiliary field B a/3 has the form: 

2 E 3 B a P = e alS dA => E 2 afi B a0 = dA 
and as a result we have the following on-shell identity: 

E a ^dB af3 = 0 => = E\dB a 7 . 

Boson with spin 0 requires two zero-forms 7 t q/3 and p. The free Lagrangian: 


Co = EpT aP Ti a p 

- E^ir^dp. 

(5) 

Equation for the auxiliary held 7 t q/3 : 



2F 37 r“ /3 = E 2 afi dp 

=>■ e Q/3 7 r a/3 = dp 

(6) 

leads to the following on-shell identity: 



e Q/3 d7r Q( g = 0 =>• 

e Q 7 d7r /37 = e /3 7 d7r" 7 . 



Fermion with spin s — l + l > 1 is described by one-form \l/ a ( 2i_1 ) (also completely 
symmetric on spinor indices) with the free Lagrangian and gauge transformations having the 
form: 

(- 1)' +1 £ 0 = U>* { 2i-i)d^ 2l - l \ S 0 ^ 21 ^ = dC {2l ~ l) . ( 7 ) 

Fermion with spin | is described by zero-form (f) a with the free Lagrangian: 

C 0 = l -^ a E a ^. (8) 

2 Massless supermultiplets 

As it has been already noted in the Introduction, the main idea of this work is that massive 
supermultiplet can be straightforwardly constructed out of appropriate set of massless super¬ 
multiplets exactly in the same way as gauge invariant description of massive bosonic or 
fermionic higher spin held can be constructed out of appropriate set of massless ones. As it 
will be seen further on in the analysis of massive supermultiplets, the main role as a building 
block is played by the massless supermultiplet containing one bosonic and two fermionic 
holds, namely (here and in what follows s is always an integer) (s + |,s, s — |). 
Supermultiplet (/ + §, l + 1, l + |), l > 1 contains two fermionic <L Q ( 2i+1) and v]W 2i ~h an( ] 
two bosonic Q a ( 2l \ f a ( 21 ) one-forms. The sum of their kinetic terms: 

Co = (-1 ) Z+1 [/fl a(2 ;—+ 

+|$ Q(2 / + i)d$“ (a+1) - ^(a-qd^ 2 *- 1 )] (9) 

is invariant under the following global supertransformations: 

5f a( - 21 ) = ia i T“ (2/ - 1 )C“ + i(2/ + l)A4> a(20/3 C/3, 

5$ a(2«+l) = ( 10 ) 

dT Q( 2 Z -i) = 2la l n a{2l ~ 1) P(p. 
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In what follows we will fix the normalization of supertransformations so that 

2W + (21 + 1)A 2 = 2, 

while the relative values of cq and will depend on the massive supermultiplet which this 
massless one enters in. Thus in general such supermultiplet, its Lagrangian and the super¬ 
transformations contain two fermionic and one bosonic fields. But as the particular cases 
we can obtain supermultiplets with one fermionic and one bosonic fields. Namely, putting 
ai = 0 we get supermultiplet (7+3/2, Z+l), while the case j3i — 0 corresponds to (7+1, Z+1/2). 


Supermultiplet (|, 1, |) contains fermionic one-form +° and zero-form ?/+ as well as bosonic 
zero-form B a/3 and one-form A. The sum of their kinetic terms 


is invariant 


£ 0 = + EB^B af) - B af} e af) dA + -^ a E a 0 d^ c 

under the following supertransformation^: 


( 11 ) 


6A = if3 0 $ a ( a + ia 0 ^ a e aP Cfi, 

= -A^+yC, (12) 

Si> a = 4a 0 £°%. 

Supermultiplet (|, 0) contains fermionic zero-form (p n and two bosonic zero-forms 7r a/3 and 
if. The sum of kinetic terms 


£o = l -$ a E a pdr - E7r a0 n a p + E^n^dip (13) 

is invariant (provided one takes into account the equation for the auxiliary field 7 t q/3 ) under 
the following supertransformations: 

5<P = w a = 2/3 0 tt^C+ (14) 


3 Simple examples 

3.1 Massive supermultiplet (|, 1,|) 

Gauge invariant description of massive spin-1 requires massless spin-§ and spin-1 ones, while 
massive spin-1 requires massless spin-1 and spin-0. Thus to construct massive supermultiplet 
(|, 1,1) we need two massless supermultiplets (|, 1,1) and (|, 0): 



5 Strictly speaking this Lagrangian is invariant up to the terms proportional to the auxiliary field B a P 
equation only. Thus there are two possible approach here. From one hand one can introduce non-trivial cor¬ 
rections to the supertransformations for this auxiliary field. Another possibility, that we will systematically 
follow here and further on, is to use equations for the auxiliary fields in calculating all variations. 


5 



We begin with the sum of kinetic terms for all necessary fields: 

C 0 = -U> a dA> a + EB a ?B a g - B a8 e aPj dA + U^ a E a pd^ 

+ l -4> a E a p d^ - En a ^ a p + E a ^ a pdip (15) 

as well as their initial supertransformations: 

5 0 A = i/3 0 $ a C" + ia 0 i> a e afi (p, 

= -Poe^B^C, 5 0 r = 4a 0 B a P(p, (16) 

<W = iMaC, S 0 </> a = 2^ a %. 

Now we add the most general low derivative terms: 

£, = 2mE a pn af) A + ia 1 <S> a e a p& + ia 2 <S> a E a p^ + ia 3 $ a E a p^ 

+ia A E'ip ol '^ a + ia 5 E^ a (j) a + ia 6 E(j) a (j) a . (17) 

This breaks the invariance under the supertransformations producing 

SqCi — —2i(2aif3o — a2<yo)'^aE ( ' a pB 1 ^ 3 ^ + 2ia2<yo^a(CB)( a 
+ta 3 ^ Q E^pn^C 1 + i(2mp 0 + a 3 ^ Q (En)C 
—2z(a 2 /3 0 - 4a A a 0 )Eil> a B afi (p + 2i(2ma 0 + a 5 /3 0 )E^ a n a P(p 
-2 i(a 3 fdo - 2a 5 a 0 )E(j) a B a,3 Cp + im[3 0 (f) a e a,3 dA(p + 4ia 6 j3 0 E(/) a n a P(p. 

Recall that, as we have already mentioned above, all calculations are performed up to the 
terms proportional to the auxiliary fields equations and in this case one has take into account 
that equation for the 7T a/3 field was modified and looks like: 

E a pn a P = -^e Q(2) [dip + 2mA}. (18) 

To cancel these new variations we put 

2 ai/3 0 = a 2 a 0 , 2mf3 0 = —a 3 /3 0 , a 2 / d 0 = 4a 4 ao, 2 a 3 (3 0 — 4 a 5 a 0 = 2m/3 0 

and introduce the following corrections to the super transformation^: 

5iT“ = 7 i^C q + 7 2 (^e Q/ 3 C p, Sii/; a = 73£C«, A A* = 74<dC«- ( 19 ) 

Then all variations with one derivative vanish provided 

7 i = 2 a 2 a 0 , 72 = yy, 73 = 2ma 0 + a 5 /3 0 , 74 = 2 a 6 /3 0 

6 Let us stress that here and in what follows the only corrections we have to introduce in our approach 
are the non-derivative ones to the fermionic fields. 
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leaving us with variations without derivatives: 


SiJCi = i(2ai7i + ma 3 ai)'h Q e Q / }AC /3 + z(8ai72-a 2 73 -a374)'I'a£ , “ /3 V :, C/J 
+i(a 2 71 + 2 m 7 3 )' 0 Q E " /3 ACp - *( 3 a 2 7 2 - 2a 4 7 3 - 0,574) Eij) a <pC a 

+*(>37i + 2m7 4 )> QJ B Q/ 3 y4C /3 - i(3a 3 7 2 - a 5 73 - 2 a 6 7 4 )£> a ^C" 

Thus we obtain: 


m 

ai = a 4 = 06 = —, 


a 2 — —a 3 — 


V2m, 


05 = — 2 m, 


>o 2 — 2/3 q 2 — 4a 0 2 . 


Now if we introduce new variables 


r = A=(r - r), r = Atr+ <n. 


then the fermionic mass terms take the form 


C m = ff [V.eVI." + + 3 B^“] - 


( 20 ) 


which corresponds to massive spin-| (in the gauge invariant formalism with the field 
playing the role of Stueckelberg one) and massive spin-| with equal masses. Note that 
though we begin with the most general form of the fermionic mass terms, the supersymmetry 
leads us to their form corresponding to gauge invariant formulation of massive spin-f. I 11 
what follows from the very beginning we will use gauge invariant description of massive 
bosonic and fermionic higher spin fields entering supermultiplets. It will greatly simplify all 
calculations and always happens to be compatible with the supersymmetry. 


3.2 Massive super mult ip let (2, |, |) 

This supermultiplet has been constructed previously by dimensional reduction from four 
dimensions [33] • Here we will show how its construction can be worked out in our approach. 
In the massless limit massive spin-2 decomposes into massless spin-2, spin-1 and spin-0 ones, 
while massive spin-f into massless spin-| and spin-4. Thus in this case the decomposition 
of massive supermultiplet into the massless ones has the form: 



Again we begin with the sum of kinetic terms for all necessary fields: 

£ 0 = n a pe^n^ + n a pdf aP - l -^ a d^ a 

$ad$ a + EB aP B aP - B aP e aP dA + '^ a E a ^ 

+ l -(f) 0 E a pd(f) p - Ett^tt^ + E^TTapdif (21) 
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as well as their initial supertransformations: 


5f a0 = i ai ¥ a (P\ = 2a 1 n af} (p, 

5 A = i/3 0 $ a ( a + iaoi>ae al3 (fh (22) 

5$“ = -(3 o e^B 01 C, # Q = 4 a 0 B a %, 

dip = iMaC, = 2/3 0 7T Q!/3 C/3- 

Now we have to add low derivative terms. As we have already mentioned, we will use gauge 
invariant description both for the massive spin-2 as well as massive spin-| fields. As for the 
massive spin-2 here the choice is unambiguous — we have just one spin-1 and spin-0 zero 
fields to the roles of Stueckelberg ones. And for the two massive spin-| fields by analogy 
with four-dimensional case [25] we will assume that two Majorana fields will combine into a 
Dirac one. Thus we introduce the following terms (see Appendices A and C): 

C\ = —2 me a pQ a P A — mf a pE^ 1 B ai — 4mE a pn al3 A 

+im[* a e a f) $ fi + 2 4> a E a ^ + 2^ a E a ^ + 3 E^], (23) 

C 2 = ^f a pe\n-m 2 E a Pf a pp + ^fEp 2 . (24) 

As in the previous case calculating all variations one has to use equations for the auxiliary 
fields which in this case have the form: 

0 = e a f,n afi + dfAV + 2me“ (2) A, 

0 = 2 EB a{ ?)- e <*V)dA+ r ^E a pf a P, (25) 

0 = 2 Att“ (2) - £“ (2) [dp - 4mA}. 

To compensate for variations with one derivative 8qC\ we introduce the following corrections 
to the supertransformations: 

Si^ a = hAC, = 7 2 /“ /3 C / 3 + 73 7/3, <Si^“ = 74^C“, (26) 

where 

7 i = 4ma 0 , 72 = —max, 73 = 74 = 3m/3 0 + 4ma 0 - 

Then all variations without derivatives 5\C\ + 5o^2 vanish provided 

ai 2 = k 2 — 4q?o 2 , AT = a 0 “. 

4 Massive supermultiplet (s + s, s — \) 

In this case the same line of reasoning leads us to the decomposition: 
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Correspondingly we begin with appropriate sum of kinetic terms for all fields 


Eo 


S — 1 

J](-l ) /+1 [^ Q(a _ 1)/3 e^ a - 1 ^ + n a{ 2 l) df a W} 

1=1 


+EB a(2) B a W - B a(2) e a{ - 2) dA - En a{2) n ai2) + 7i a{2) E a ^dp 

+ ^[J2(-l) l+1 ^a(2i+i)d^ a{2l+1) + ^(-l) i+1 $ Q(a+ i)d$ a(a+1) ] 

1=0 1=0 

+ ^ a E a pd^ + l ~x a E a pdx^ 


and their initial supertransformations: 


5f a{2l) = ia^ a{ - 2l ~ l \ a + i(2l + l)A$ a(20/3 C/3, l > 1 

<5 0 $" (2Z+1) = ft Qa(2i)^ ) 5o ^a(a-r) = 2 fo i ft°( 21 - 1 )/ 3 


M = iA)$ Q C“ + *ao^ae a/3 C/3, 

<5$° = —A ,e^B m C, Sr = ^ 0 B a ^^ 

Sip = iM«C, H° = 2/3o7T^C/3- 


( 27 ) 


(28) 


Now we have to add the lower derivative terms. For the bosonic terms we take the ones 
corresponding to gauge invariant description of massive spiri-,s boson (see Appendix A), 
while for the fermionic terms we introduce the most general ones compatible with the fact 
that they have to correspond to gauge invariant description of two massive fermions with 
spin-(.s + |) and spin-(s — |) with equal masses (see Appendix B): 

E\b = ^(— l) l+1 cii[— -—-—-f 2 Q ( 2 /) i a( 2 )e /5 ^ ) /“ (2i) + £l a ( 2 i)^p( 2 )f a(2l)l3{ ' 2) ] 

i=i 

+ao[2fi a(2) e a(2) A - f a pE^B^] + d 0 n a{2) E Q ^A, (29) 

s-l 

£2 = y^(^l) ;+1 Q/ a( 2;-i) /3 e^ 7 / a(2; ~ 1)7 + Ci/r Q(2 )£ a(2 V + c oEp> 2 1 (30) 

i=i 


s—1 s—2 

Elf = i ]T(-1 Y +1 b^ a{ 2i)^^ 2l E + t J2(-l) l+1 [bi$ a{ 2i)pe\^ 21 ^ + bi^ a(m e^^ 2l E) 

1=0 1=0 

+iE[b^ 1 (j) a (j) Q + b_ 1 (j) a i/j a + 

+iJ2(-l) l+1 $ ai2l - m2 ^{d^-V+e^ 21 - 1 ^} 

i=i 

+t ^(-l) l+1 ^ a( 2i-i )m e m [d^ 2l -V + e^ 21 ^} 

i=i 

+i$ a E a p[do<f> P + e 0 ^] + iA a E a p[d^ + e 0 /]. (31) 


9 



As in the previous cases, calculating the variations we use auxiliary field equations: 

0 = e-VST' 21 - 1 ' 13 + + a iem) r m2) + 

From the variations with one derivative we found that we must introduce the full set of 
corrections to the supertransformations: 


6i $a(2l+l) = ~ja(2/+l)/3^ + ^ya(20^a ; 

Sl ^(2l+1) = 7 ja(2l+l)P^ + S ja(2l)^a^ 

Si$ a = 7o/ a/3 C/3 + MC a + Poe Q V/3, (32) 

= S 0 r^ p + l0 AC+~p 0 e a ^Cp, 

= po<p( a , Si<j) a = PoipC- 


Moreover, supersymmetry requires that we put ei = 0 and it is this constraint that allowed us 
to find the solution for the fermionic mass terms in Appendix B. Now when all the coefficients 
in the Lagrangian are fixed, it is straightforward to find solution for the parameters of the 
supertransformations: 

2 _ (f + 1) a 2 _ /qq\ 

1 1(21+ iy “ l (2Z + 1) 2 ’ ^ ) 

a o 2 = Af = 7 + Ad = 1- 

where we set the normalization so that 


2 W + (2Z + l)^ 2 = 2. 


Then the parameters determining corrections to the supertransformations are also fixed: 


2 (s + / + l)(s — l — 1 ) 2 
11 2Z(Z + 1) 2 (2/ + 1) 2 ’ 

2 = (s + l + l)(g - / - 1 ) 2 
11 (l + 1)(Z + 2) (2/ + 3) ’ 

r 2 _ (J + 3) 2 

' " (/ + 2) (2/ + 3) m ’ 

~ 2 = m 2 

1 2/(2/ +1) 2 ’ 

7o 2 = 2(s — l)(s + l)m 2 , 5 0 2 = 2m 2 , 

Po 2 = Po 2 = s 2 m 2 , po 2 = m 2 , p 0 = 0. 


(34) 


5 Massive supermultiplet (s, s 

In this case the decomposition looks like: 


I s 
2 ’ * 


2 ’ ' 


s —1 

£ 

1=1 


l + \ 
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Thus we need the same set of fields as in the previous case except the field cjW 25 ' 1 ) (recall 
that the supermultiplet (s, s — 1/2) is just a particular case of (s + 1/2, s,s — 1/2) one). 
So we take the same massless Lagrangian (1771) with this field omitted and the same set of 
initial supertransformations (I28p where now fd s _i = 0. As far as the low derivative terms, 
the bosonic terms will again have the same form (1291) and (1301) . while by analogy with four 
dimensional case m we will assume that fermions have Dirac mass terms compatible with 
gauge invariant description (see Appendix C): 

s—2 

A / = ^(-l) m 6^ a(2 ^e^$^ + i6 0 ^ QX Q 
1=0 

+i YX-l) l+1 [ di e / 3 ( 2 ) 'k Q ‘ (2 *~ 1 ) + di^ a (2i-i)f}(2)e m ^ a(2l ~ 1] ] 

i=i 

+id 0 4> a E a ^ + id 0 4> a E a ^- (35) 


Calculating all variations with one derivative 5o£i we find that we have to introduce the 
following corrections to supertransformations: 


<Vk“ 

Si^ a 


7 if am C, S^ 2l+1) = 7;/“ (2Z+1)/3 C/3, 

7o AC“, = 7o/ a/3 C/3 + Poe a ^r 

/WC 


(36) 


and obtain the following expressions for the parameters determining supertransformations: 


Oil 


2 


Cto 


2 


{l + l){s + l) 
2sl(2l + 1) 


1 

8’ 


/So 2 


(s-l) 
4 s 


l(s-l-l) 
s(2l + l) 2 ’ 



(37) 


s(s — l — l)m 2 
Al(l + 1) 2 (2/ + l) 2 ’ 
s(s + l + l)m 2 
2(1 + !)(/ + 2) (2Z + 3) ’ 


7o 2 = 

s(s — 1 )m 2 , 

7o 2 

2 

s(s — l)m 2 


P 0 = 

4 

Po 


s(s + l)m 2 
12 ’ 

4(s — l) 2 m 2 . 


(38) 


Conclusion 

In this paper we have constructed the minimal supersymmetric Lagrangian formulation for all 
massive supermultiplets with arbitrary spins in d — 3. We have shown that as in the d — 4 
case such massive supermultiplets can be straightforwardly built out of the appropriately 
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chosen set of massless ones. Such procedure can be considered as a supersymmetric general¬ 
ization for the gauge invariant formalism for massive higher spin bosonic and fermionic fields 
where the description for the massive field is obtained through the set of the massless ones. 
In most cases constructing the Lagrangians we from the very beginning choose mass terms 
compatible with such gauge invariant description for massive fields. But as we have shown 
in one case and checked in others even if one starts with the most general form of the mass 
terms without any preliminary assumptions the supersymmetry alone will unavoidably lead 
to such form. Thus the very idea of gauge invariant description for the massive higher spin 
fields is in the perfect agreement with the supersymmetry. 

As the directions of the further development one can point out: 1. The approach can 
be applied to the extended supersymmetries as well. 2. It would be interesting to consider 
interaction of such massive higher spin supermultiplets with supergravity. 3. The approach 
considered in this paper is on-shell. It would be interesting to develop a completely off- 
shell superfield Lagrangian formulation for the three-dimensional supersymmetric massive 
higher spin theories. Some preliminary results have already been obtained in |34pl . 4. We 
have constructed the supersymmetric massive higher spin models in flat 3d space It would 
be interesting to generalize the models under consideration to AdS 3 space and apply it to 
problem of AdS 3 /CFT 2 duality. 
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A Massive boson with spin s > 2 

Gauge invariant description of massive boson with spin s [30] requires massless fields with 
spins s > l > 0. Thus we introduce a collection of one-forms f a ^ 2l \ Q a ^ 2l \ s — 1 > l > 1 
as well as one-form A and zero-forms B a/3 , 7r Q/3 and <p. As usual, we begin with the sum of 
kinetic terms for all fields: 

S — 1 

i=i 

+EB afi B Q0 - B afi e af) dA - En afj n afi + n af} E a ^dip (39) 

and their initial gauge transformations: 

5of a{ 2l) = dr (2 ° + e Q /37/“ (2Z - 1)/3 , 5o^l a{2l) = dr) a ( 2l \ 5 0 A = d£. (40) 

'Recently we have been informed by S.M. Kuzenko that he has unpublished yet results on superfield 
formulation for massless three-dimensional N = 2 supersymmetric models with arbitrary superspins. 
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To proceed we add the most general terms with one derivative: 


1=1 

-a 0 n a ^A - bofapE^B'*' + ~a 0 n a pE^A (41) 

as well as the most general corrections to the gauge transformations: 



= Kl(0 e «2)’)‘ 

h2/)/3(2) + K2 (/) e «(2 )?7 «(a-2) + K 3 (Z) e «^“(2*-l)^, 


5^ a( - 2l) 

= K 4 (f)e„ (2) f 

420/3(2) + K 5 (Z) e «(2)^(2*-2) ) 


di5 Q/3 

= K.(0)7)««, 

M = ^ + « 4 (0)e a ^, 

(42) 

5i 7T a/3 

= KoCt 

diA = o( 7 0 



All variations coming from d 0 A + 8 ] £ 0 vanish provided 


Kl(0 = -6(0, «2(0 = K4(0 = «((), 

« 5 (0 = - KaO , 6(0 = - (i+2)a(i) 


1(21 - 1)’ 


l 


«i(0) — —a 0 , 0:4(0) — —, K7 — —a 0 , Oo + 26 q — 0. 

To proceed we introduce the most general terms without derivatives: 

s —1 

A = E(-lN0W^ lh + + C 0 ^ 2 - 

Z=1 

Then all remaining variations can be canceled if we put 


2(/c + 2)(2k + 3) 
(k + 1) (2k + 1) 


a(/c) 2 - 2 ^' + ^ a(fc - l) 2 + 4c(/c) = 0, 
(A; - 1) 


^(0 ~ 0 + 2 ) 2 c(l + 1) — 1(1 + l)c(0| 


0(6 — A — 


/ ’ 

doO) ~ 2 


4 ’ 


do = 64ci, d 0 = 


2 (s + l)(s — 1) 2 


-m , 


where we choose normalization 


(43) 


2 2s(s 1) ( 

m = —-r— a(s — 2) . 


(*- 2) 

The last relation in the second line is just a recurrent relation on c(l) and it gives 
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Than the first line can be considered as a recurrent relation on a(l). For l = s — 1 we obtain 


c(s - 1) 


9 

m 

4(^1)’ 


and then we get general solution 


2 = l(s + l + l)(s - l - 1) 2 

U 2(1 + !)(/ + 2) (2/ + 3) 


a 0 2 = 


1)(s + 1) m 2 . 


B Massive fermions with Majorana mass terms 

To construct gauge invariant description of massive fermion with spin-(s+|) [3T] we introduce 
a set of one-forms s — 1 > l > 0 and zero-form x a ■ As for the Lagrangian we take 

the sum of kinetic terms for all fields as well as the most general form for the mass-like terms: 

A) = X -^2(-l) l+l ^ a{ 2l + l)d^ 2l+1) + l -XaE a pd X P 
Z 1=0 
s —1 

-H ^2(-l) l+1 b^ a{ 2i)pe^ a ^ + ib 0 E Xa X a 
1=0 
s —1 

+i Y,(-0 l+1 diya(2i-i) m eWy a( - 2l -V + id^! a E a p^. (44) 

i=i 

At the same time we introduce the most general ansatz for the local gauge transformations: 

^a(2Z+l) = d ^a(2i+l) + ^^+ 21 )? + ^*( 2 )^ 21 - 1) + ^^( 21+1 )/3(2) ? 

= «oA- (45) 


For variations with one derivative to vanish we have to put 

2 bi di 


&i = 


A = 


(21 + 1) ’ K 1(21 + 1) ’ 

Than all variations without derivatives vanish provided 

2 (Z + 2) (21 + 1) , 2 


7 1 = d 


7+1 ? 


«o — do 


4 b, 2 


di + 


(21 + 1) (l + l)(2l + 3) 

These relations can be easily solved and give 

(2s + 1) 


di+i — 0, 


b 2l + 3) b 

bl ~ l ~ WTT) bl - 


b, = 


m. 


2(21 + 3) ’ 


2 = (s~t) (s + l + 1) . 


2(1 + 1) (21 + 1) 


bo — ~3bo, 

do 2 = 2s(s + l)m 2 . 
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where we choose normalization by setting 6 s _i = ^- I n what follows we will need analogous 
solution for the fermion with spin-(s — |) which has the form 


k 


(2a-l) 
2(2/+ 3) m ’ 


bo — —36q, 


2 (s-l- l)(s + /) 2 

' 2(/ + l)(2/ + l) 


d 0 2 = 2s(s — 1 )m 2 ., 


For the massive supermultiplet (s + s, s — |)) we need two massive fermions with spin- 
(s + 1) and (s — 1). The simplest solution is to take just the sum of corresponding mass 
terms: 


S — 1 


. ^(2s+l)m^ „0 ^a(2p 7 „■ ( 2s “ J ,? r a(2!) 7 

Ll = o/o; i q\ ^a(20^ e 7^ _ 2 2^ ^7TrTwT^“( 2 0/3 e 7^ 


^ 2(2/ + 3) QWP 7 ^ 2(2/ + 3) 

+* A(s, /}l»a(a-i)^( 2 )e / 3 ( 2 ) l» a(2Z - 1) - i 53 A(s - 1 ,/jVwje^^ 21 - 1 ) 


2=i 


2=1 


+zm\/2s(s + l)*^-/? 0 ^^ — im\/2s(s — 1 )^> a E a 

i(2s + l)m ~ i(2s — l)m^~ ~ n 

-O - E <fr a (p H--- E'ta'lp , 


(46) 


, where we denote 


A(s,l) 


(s — /) (s + / + 1) 

----- 777 

2(1 + 1) (2/ + 1) 


But in general the variables in terms of which the mass terms turn out to be diagonal do 
not coincide with the ones entering massless supermultiplets. The most general situation 
corresponds to the possible mixings for the pairs of fermions with equal spins. Thus we 
introduce: 


^a(2s-l) — < l ) «(2s—1) i 

$a(22+l) = COS0j$ a(2/+ i) T Sin0^ a( 2i+1), 

^0(22+1) = -Sin0/$ a (2Z+l) +COS0/^ a (2/+l), (47) 

4> a = cos00“ + sin^ a , 

ijj a = — sin 0(f) a + cos 6h/> a . 

Than for the mass terms we obtain the Lagrangian (13TT) used in our construction of corre- 
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sponding massive supermultiplet, where 


b s -i 

bi 

bi 

bi 

6-1 
b -1 

6-1 


m 
~2 r 

(2s + 1) cos 2 #; — (2s — 1) sin 2 #; 

2(2/+ 3) 

4s sin 9i cos 9i 
(21 + 3) m 

(2s + 1) sin 2 9[ — (2s — 1) cos 2 9i 
2(2/+ 3) 

(2s + 1) cos 2 6 — (2s — 1) sin 2 9 
2 

—4s sin 0 cos 9 m 
(2s + 1) sin 2 9 — (2s — 1) cos 2 9 


-m , 


m, 


m, 


m. 


ds —i 


di 

do 

di 

do 


e s -i 


e; 

e o 

e/ 

eo 


m 

V(2s - 1) 


COS # s _ 2 , 


A(s, /) cos#; cos#;_i — A(s — 1, /) sin0; sin#;.!, 
a/2s(s + l)m cos # 0 cos 9 — y / 2s(s — l)m sin # 0 sin #, 
A(s, /) sin#; sin#;_! — A(s — 1, /) COS#; COS #;_!, 
a/ 2s(s + l)m sin # 0 sin # — \/2s(s — l)rn cos #o cos #, 

, m = sin #g- 2 , 

/(2JVT) 


A(s, /) COS#; sin#;_! + A(s — 1, /) sill #; COS#;-!, 
a/2s(s + 1 )m cos #0 sin # + a/2s(s — 1 )m sin # 0 cos #, 
A(s, /) sin#; COS#;-! + -A(s — 1, /) COS#; sin#;_!, 
a/2s(s + l)m sin # 0 cos # + a/2s(s — l)m cos # 0 sin #. 


But supersymmetry requires that e; = 0 and this gives a recurrent relation on the mixing 
angles: 


tan#;_i = — 



/)/ + / + 1 ) 

/-!)/ + /) 


tan#;. 


For the massive supermultiplet (s + |,s,s — |)) we will need the following simple solution 
for this relation: 


Sin#; = (-1)^ 


s — / — 1 


2s 


COS#; = 


S + / + 1 


2s 
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Than for the coefficients in the fermionic mass terms (l3Tf we obtain: 

k = 


T l m i 2 / +1 

-b_ i = —o_ i = —, bi = -—--m, 

2’ 2(2/+ 3) ’ 


bi 
dt 

di = 


(_1 )‘ V(a ~(~^t + i + 1) m, = 2 sm , 


(2/ + 3) 


(s - Z)(s + /) 

2 (/ + 1 ) ( 2 / + 1 ) 


m, d 0 = \/2 sm, 


(s - l - l)(s + l + 1) 

2 (/ + 1 ) ( 2 / + 1 ) 


m. 


d 0 = -a/2(s + l)(s - l)m, 


D = -(-1)' 


2 (/ + 1 ) ( 2 / + 1 ) 


m, e 0 


= -\/2: 


m. 


C Massive fermions with Dirac mass terms 

For the massive supermultiplet (s,s — |,s — |) we need a pair of massive fermions with 
spin-(s — |) with equal masses and with mass-like terms having a Dirac form. The kinetic 
terms has the usual form: 


. s—2 

1 

2 


-Co = \ ^(-l) z+1 [d/ a(a+1) dT“( 2 ' +1 ) + ^ a{2l+1) d^ 2l+1) ] + l -*l> a E%d^ + l -<j> a E a pd<^, (48) 


1=0 


while for the mass-like terms we choose the Lagrangian fl35il . For the field’s vpA 2 ^ 1 ) local 
gauge transformations we consider the following ansatz: 

6 ^2l + l) = ^a(2/+l) + Ae a(2)^(2i-1) + ^^(21+1)0(2), 

5$ a{2l+ 1) = ai e a ^ a{2m , = atf*. 

For variations with one derivative to cancel we have to put 


Oil = 


Pi = 


di 


( 2 / + 1 )’ 1(21 + 1 ) ’ 

Then all variations without derivatives vanish provided 

2 , (/ + 2) (2/ + 1) 2 


7 1 — di+ 1, «o — c/q. 


b, 2 


df + 


(2/ + 1) (/ + 1)(2Z + 3) 

(21 + 3) 


di+i — 0, 


/ , M — bi-idi = 0 . 

( 2 / + 1 ) 

Analogously, the invariance under the local gauge transformations for the c^A 2 ^ 1 ) field gives: 

'2 , (^ + 2 )( 2 ^ + 1) 7 2 


b, 2 


(21 + 1 ) 


— di + 


(/ T 1) (21 T 3) 


dj+i — 0, 
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(2 l + 3) 

( 2 1 + 1 ) 


bidi - = 


0. 


From these equations we obtain the following solution: 


bi = 


(2a ~ 1) 
(2 1 + 3) 


m, 


dj 2 = di 2 


(s - / - l)(s + l) 2 
2(1 + l)(2l + 1) 


b 0 = 3 b 0 , d 0 2 = d 0 2 = 2 s(s — 1 )m 2 , 

where we set b s -2 = m. 
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